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SOME REMARKS ON H-STABILITY OF SYZYGY BUNDLES ON
ALGEBRAIC SURFACES
H. TORRES-LO´PEZ AND A. G. ZAMORA
Abstract. Let L be a globally generated line bundle over a smooth irreducible
projective surfaceX. The syzygy bundle ML is the kernel of the evaluation
map H0(L) ⊗ OX → L. The main theorem proves that the syzygy bundle
defined by nL + D is stable for any polarization H, where L is any ample ,
D is an arbitrary divisor and n is a sufficiently large natural number. Taking
n = 1, we obtain the L-stability of ML for Hirzebruch surfaces, del Pezzo
surfaces and Enriques surfaces. Finally, the −K-stability of syzygy bundles
ML over del Pezzo surfaces is proved.
1. Introduction
LetX be a smooth irreducible projective variety and let L be a globally generated
line bundle over X (from now on simply a generated bundle). The kernel ML of
the evaluation map H0(L)⊗ OX → L fits into the following exact sequence
(1) 0 // ML // H
0(L)⊗ OX // L // 0.
The bundleML is called a syzygy bundle. The rank ofM
∨
L
is h0(L)−1. The vector
bundles ML have been extensively studied from different points of view.
When X is a projective irreducible smooth curve of genus g ≥ 1 L. Ein and R.
Lazarsfeld showed in [9] that the syzygy bundle ML is stable for d > 2g and it is
semi-stable for d = 2g (see also [2]). After this, the semi-stability ofML was proved
for line bundles with deg(L) ≥ 2g−cliff(C) (see [13, Corollary 5.4] and [6, Theorem
1.3]). In ([14]), Paranjape and Ramanan proved that MKC is semi-stable and is
stable if C is non-hyperelliptic. In [15], Schneider showed that ML is semi-stable
for a general curve C (see also [3]). The semi-stability for incomplete linear series
over general curves was proved in [5].
In [11], Flenner showed the stability of ML for projective spaces. The stability
of syzygy bundles for incomplete linear series in projective spaces has been studied
by many authors (see [8], [12], [1]). Recently, in [4], the authors proved that given
an Abelian variety A and any ample line bundle L on A the syzygy bundle MLd is
L-stable if d ≥ 2.
In the case of a projective surface X , we must start by fixing a polarization H
and then ask for the H-stability of the syzygy bundle ML. Recall that H-stability
for a vector bundle E on X means that for any sub-bundle F ⊂ E
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µH(F ) :=
c1(F ).H
rank(F )
< µH(E) :=
c1(E).H
rank(E)
.
In the pioneer work of Camere ([7]) it was proved that ML is L-stable for any
ample and generated L on a K3 surface and for any generated L with L2 ≥ 14 on
an abelian surface X . In [10] Ein, Lazarfeld and Mustopa fixed an ample divisor L
and an arbitrary divisor D over X , and setting set Ld = dL+P (d ∈ N showed that
MLd is L-stable for d >> 0. They raise the question (Problem 2.5) of the stability
of MLd with respect to any polarization for d >> 0. Our first goal is to give an
affirmative answer to this question:
Theorem 2.1 Let X be a smooth projective irreducible surface. Let L and
H be ample line bundles on X. For an arbitrary divisor D and n ∈ N, denote
Ln = nL+D. Then for n >> 0, the syzygy bundle MLn is H-stable.
Section 2 is devoted to the proof of this theorem. It is strongly based on the
techniques developed in [10].
Another important issue is to obtain an effective version of this result (i.e. ex-
plicitly determining the integer n for which the stability can be achieved), it is
the Problem 2.4 in [10]. Section 3 of the paper is essentially devoted to obtaining
such effective results in a variety of particular cases, all of them concerning regular
surfaces. The first general observation is:
Theorem 3.1 Let X be a smooth projective surface. Let L be an ample and
generated line bundle over X and H be a divisor such that an irreducible and non-
singular curve C exists in |H |. Assume that
(1) h1(L −H) = 0;
(2) h0(H) ≥ h0(L|C);
(3) ML|C is semi-stable;
Then ML is H-stable.
If L = H and X is regular, then conditions (1) and (2) are automatically satisfied
and in order to prove the stability of ML it is sufficient to prove the semi-stability
of ML|C . Using this idea we obtain the L-stability of the syzygy bundle ML in the
following cases: if |L| contains either a genus ≤ 1 curve or a Brill-Noether general
curve (Corollary 3.2), for del Pezzo surfaces ( Corollary 3.4), Hirzebruch surfaces
(Corollary 3.5) and Enriques surfaces with the condition such that cliff(C) ≥ 2
(Corollary 3.6).
Moreover, we study the stability of syzygy bundle over del Pezzo surfaces with
respect to the anti-canonical polarization:
Theorem 3.7 Let X be a del Pezzo surface and let L be a generated line bundle
on X. If L contains an irreducible curve, then the vector bundle ML is −KX-stable.
Conventions: We work over the field of complex numbers C. Given a coherent
sheaf G on a varietyX we write hi(G) to denote the dimension of the i-th cohomology
group Hi(X,G). The sheaf KX will denote the canonical sheaf on X . A surface
always means a smooth (or non-singular) projective and irreducible surface.
2. Stability of MLn
The aim of this section is to prove:
H-STABILITY OF SYZYGY BUNDLES ON SURFACES 3
Theorem 2.1. Let X be a projective surface. Let L and H be ample line bundles
on X. For an arbitrary divisor D and n ∈ N denote Ln = nL + D. Then for
n >> 0 the syzygy bundle MLn is H-stable.
Proof. The proof is modeled on the argument in [10]. If necessary, replace H by
a sufficiently high power m in such a way that mH contains an irreducible and
non-singular curve C and take a point x ∈ C. For the remainder of the argument
H , C ∈ |H | and x ∈ C would be fixed. Note that C ∈ |H ⊗mx|.
Taking n >> 0 we can assume that h1(Ln −H) = 0 and that MLn|C is a semi-
stable bundle on C. Note that for the latter condition it is sufficient to assume that
degLn|C = nL.H + D.H ≥ 2gH (see [9]). Given any sub-bundle Fn ⊂ MLn we
have, thanks to the condition h1(Ln −H) = 0, a commutative diagram:
(2) 0 // Kn // _

Fn|C // _

Nn // _

0
0 // H0(Ln −H)⊗ OC // MLn |C // MLn|C
// 0,
(see [10] page 76 and also [7], proof of Proposition 3).
Assume that Fn ⊂ MLn is a destabilizing sub-bundle. Note that for any vector
bundle E on X , µH(E) = µ(E|C). Thus µ(Fn|C) ≥ µ(MLn |C).
An analogous result to the following Lemma was established in [10] (Lemma
1.1):
Lemma 2.2. Let Fn ⊂MLn be a subbundle with µ(Fn) ≥ µ(MLn). Then,
rk(Fn) ≥ h
0(H)− 1 + rk(Kn).
The proof of the Lemma is quite analogous to the one in [10]. We only need to
replace B by Ln −H and Ld − B by H and to compute the dimension of a fiber.
We include a proof for the reader convenience and to indicate how the inequality
can be bettered with respect to that obtained in [10].
Proof. If Kn = 0 in the exact sequence (2), then
µ(Nn) = µ(Fn|C) ≥ µ(MLn |C) > µ(MLn|C )
gives a contradiction with the semi-stability of MLn|C and thus we have Kn 6= 0.
The multiplication map of sections
ν : |H ⊗mx| × |Ln −H | → |Ln ⊗mx|
is a finite morphism. After localizing at the given point x we obtain a commutative
diagram:
(Kn)x
  //
 _

(Fn|C)x _

H0(Ln −H)
  // (MnL|C)x = H
0(Ln ⊗mx). ,
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Let Z = ν−1(|(Fn|C)x|), since ν is finite dim |(Fn|C)x| ≥ dimZ. Given s ∈
|H ⊗mx|, we have that s induces the injective morphism
|Ln −H | → |Ln ⊗mx|
φ 7→ s⊗ φ.
Therefore for any φ in the image of the morphism (Kn)x → H
0(Ln −H), we have
that (s, φ) ∈ Z and pi2(s, φ) = s. It follows that that projection
pi2 : Z → P(H
0(H ⊗mx))
is dominant and the general fiber has dimension rk(Kn)− 1. Hence
rk(Fn) ≥ h
0(H) + rk(Kn)− 1.(3)

Observe that from Lemma 2.2 we have:
rk(Kn) + rk(Nn) = rk(Fn) ≥ h
0(H)− 1 + rk(Kn),
i.e, rk(Nn) ≥ h
0(H)− 1. Our next claim is that a stronger inequality is valid:
h0(H)− 1 + h0(Ln −H) < rk(Nn),
(this serves as an alternative to Lemma 1.2 in [10] and allows us to simplify the
argument).
Indeed, assume that
rk(Nn) ≤ h
0(H)− 1 + h0(Ln −H).
Since µ(Nn) ≤ µ(MLn|C ) we have:
degNn ≤
−nL.H −D.H
h0(Ln|C)− 1
(h0(H)− 1 + h0(Ln −H)).
Now,
degFn|C = degNn + degKn ≤ degNn,
and
rk(Fn)|C ≥ h
0(H)− 1,
because of the previous Lemma 2.2. Thus,
µ(MLn |C) =
−nL.H −D.H
h0(Ln)− 1
≤ µ(Fn|C) ≤
−nL.H −D.H
h0(Ln|C)− 1
(
h0(H)− 1 + h0(Ln −H)
h0(H)− 1
).
From this we obtain:
h0(Ln)− 1 ≤ (h
0(Ln|C)− 1) ·
h0(H)− 1
h0(H)− 1 + h0(Ln −H)
,
and the contradiction:
h0(Ln) < h
0(Ln|C).
Now we can finish the proof of the theorem. So far we have deduced that:
h0(H)− 1 + h0(Ln −H) < rk(Nn) ≤ rk(MLn|C ) = h
0(Ln|C)− 1.
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But taking n >> 0 we obtain a contradiction, because the left hand term is of
order n2 and the right hand term of order n. 
Remark 2.3. The condition H ample can be substituted by: H is a divisor such
that dim |H | ≥ 2 and contains an irreducible and non-singular curve C.
3. Effectiveness results on some regular surfaces
The method used in the proof of Theorem 2.1 does not give an answer to the
problem of effectively determining the power n for whichMLn isH-stable. However,
under some particular conditions and a suitable choice of H the same method,
combined with Camere’s kind of arguments (see [7]), allows us to conclude that
n = 1 is sufficient.
Theorem 3.1. Let X be a smooth projective surface. Let L be an ample and
generated line bundle over X and H be a divisor such that an irreducible and non-
singular curve C exists in |H |. Assume that
(1) h1(L −H) = 0,
(2) h0(H) ≥ h0(L|C),
(3) ML|C is semi-stable.
Then ML is H-stable.
Proof. Assume thatML is unstable, let F ⊂ML be a sub-bundle such that µ(F ) ≥
µ(ML). Using the conditions (1) and (3), we can repeat the proof of Lemma 2.2
and Lemma 1.2 in [10] with n = 1. More specifically, in Lemma 1.2 in [10] an
inequality (inequality (*) at the beginning of page 78) is obtained that translated
to our situation, just as we did with Lemma 1.1 in the previous section, yields:
rk(K) ≥ h0(L −H)
rk(F )
rk(ML)
.
Therefore, we have:
rk(F ) ≥ h0(H) + rk(K)− 1
≥ h0(H) + h0(L−H) · (
rk(F )
rk(ML)
)− 1
That is,
rk(F ) ≥
(h0(H)− 1)rk(ML)
rkML − h0(L −H)
.
Since rkML − h
0(L −H) = rk(MLC ) = h
0(LC) − 1, from the hypothesis (2), we
obtain that rk(F ) ≥ rk(ML) which is impossible because F is a sub-bundle of ML.
This proves the theorem. 
Theorem 3.1 is specially useful when X is a regular surface and L = H . In this
case conditions (1) and (2) are automatically satisfied and only (3) remains to be
verified. Also, as H = L is generated, assuming an irreducible curve C ∈ |L| exists
we can assume that it is non-singular as well (Bertini’s Theorem).
Corollary 3.2. Assume X is regular and L is an ample and generated line bundle
on X. If C ∈ |L| exists such that C is irreducible and non-singular and either:
(1) g(C) ≤ 1 or
(2) C is Brill-Noether general,
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then ML is L-stable.
Proof. Assume that g(C) = 0. From the exact sequence:
0→ML|C → H
0(L|C)⊗ OC → L|C → 0,
and taking cohomology we see that ML|C ≃ ⊕OC(−1). Therefore, ML|C is semi-
stable and the result follows at once from Theorem 3.1.
Next, let C be an elliptic non-singular curve and let L be a line bundle on C of
degree d ≥ 2, observe that ML is stable. Indeed, the rank of M
∨
L
is d− 1, therefore
the slope of M∨
L
is given by
µ(M∨L ) =
d
d− 1
.
Let F be a quotient of M∨
L
, we want to prove that µ(M∨
L
) < µ(F ). Since F∨ is a
sub-bundle of ML, we get that H
0(F∨) = 0 and thus H1(F ) = 0, by Serre duality.
By Riemann Roch Theorem, we get
h0(F ) = deg(F ) + rk(F )(1 − g(C)) + h1(F ) = deg(F ).
Since F is globally generated over C, it follows that h0(F ) ≥ rk(F ). Assume
that h0(F ) = rk(F ), then the evaluation map
H0(F )⊗ OC → F
is an isomorphism and which is impossible because H1(F ) = 0. Therefore deg(F ) ≥
rk(F ) + 1 and
µ(F ) ≥
rk(F ) + 1
rk(F )
>
d
d− 1
= µ(M∨L ),
the last inequality following from rk(F ) < d− 1.
Finally, assume that C is Brill-Noether general. By [15] we have that ML|C is
semi-stable. 
Another general case that can be treated is when the inverse of the canonical
divisor, −K, is nef.
Proposition 3.3. Let X be a regular surface and let L be an ample and generated
line bundle on X. Assume that in the linear system |L| an irreducible C exists.
Then:
(1) if −L.K ≥ 2, then ML is L-stable.
(2) if −L.K = 1 and cliff(C) ≥ 1; then ML is L-stable.
(3) if L.K = 0 and cliff(C) ≥ 2; then ML is L-stable.
Proof. We can assume C is non-singular. If g(C) ≤ 1, then apply Corollary 3.2.
If −LK ≥ 2, then by the Adjunction Formula we have deg(L|C) = L
2 ≥ 2g(C).
ThereforeML|C is semi-stable andML is L-stable by Theorem 3.1. This proves (1).
The proofs (2) and (3) are similar: using Adjunction Formula we get deg(L|C) =
L2 ≥ 2g(C)− Cliff(C), therefore MLC is semistable.

Some particular cases of this situation are:
Corollary 3.4. Let L be an ample and generated line bundle over a del Pezzo
surface. If |L| contains an irreducible curve, then ML is L-stable.
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Proof. If C ∈ |L| is irreducible and non-singular and g(C) ≤ 1, then the result
follows from Corollary 3.2. Otherwise, from h0(−K) ≥ 2 we clearly have −L.K ≥ 2
and the result follows from Proposition 3.3 
Corollary 3.5. Let Fn be a non-singular Hirzebruch surface and let L be an ample
and generated line bundle. Then ML is L-stable.
Proof. The canonical line bundle is given by KFn = −2Cn − (n+ 2)F, where Cn is
the section and F is the fiber. If L is ample, then c1(L) = aCn + bF with a > 0
and b > na. Since −LKFn = 2b − an + 2a > 3, it follows that ML is L-stable by
Proposition 3.3.

The L−stability of ML for X a K3 surface was studied in [7]. Similar results
can be obtained for regular surfaces with numerically trivial canonical divisor:
Corollary 3.6. Let X be an Enriques surface. Let L be an ample and generated
line bundle on X. Assume that an irreducible and non-singular curve C in the
linear system |L| exists such that cliff(C) ≥ 2. Then ML is L-stable.
Proof. Note that deg(L|C) = L
2 = 2g − 2 ≥ 2g − cliff(C), thus ML|C is semi-
stable. 
Finally we address the case of −K−stability for del Pezzo surfaces.
Theorem 3.7. Let X be a del Pezzo surface and let L be a globally generated
line bundle on X. If |L| contains an irreducible curve, then the vector bundle ML
−KX-stable.
Proof. Note that h1(L) = h2(L) = 0. From Riemann-Roch Theorem we get
h0(L) = 1 +
L2 − LK
2
.
Therefore the rank of ML is equal to
L
2−LK
2
. We want to prove that M∨
L
is stable
with respect to the polarization −KX . Let C be a non-singular projective curve in
the linear system | −KX |. By adjunction formula, we have C is an elliptic curve.
The slope of M∨
L
with respect to −KX is given by
µ(M∨L ) = −
2LK
L2 − LK
.
Let F be a torsion-free quotient sheaf of M∨
L
of rank 0 < rkF < r; then F |C is a
quotient of (M∨
L
)|C and we can assume that it is a vector bundle on C. We want
to prove that
µ(M∨L ) < µ(F ).
We have the following properties
(i) H1(C,F |C) = 0.
(ii) deg(F |C) ≥ rk(F ) + 1.
Indeed, since F is globally generated, we have F |C is globally generated, and
therefore h0(F∨|C) = 0 and h
1(F |C) = 0 by Serre duality, this proves (i). To prove
(ii), by Riemann Roch Theorem for curves, we get
h0(F |C) = deg(F |C) + rk(F |C)(1− g(C)) + h
1(F |C) = deg(F |C).
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Since F |C is globally generated over C, it follows that h
0(F |C) ≥ rk(F |C). Assume
that h0(F |C) = rk(F |C), then the evaluation map
H0(F |C)⊗ OC → F |C
is an isomorphism but this is impossible becauseH1(F |C) = 0. Therefore deg(F |C) ≥
rk(F ) + 1 and we obtain(ii).
Hence, we have
µ(F ) = µ(F |C) ≥ 1 +
1
rk(F |C)
> 1 +
2
L2 − LK
therefore
µ(M∨L ) = −
2LK
L2 − LK
≤ 1 +
2
L2 − LK
< µ(F ),
the first inequality follows by Adjunction Formula and the fact that |L| contains
an irreducible curve. Hence M∨
L
is stable with respect to polarization −KX . 
References
[1] Brenner, H.; Looking out for stable syzygy bundles. With an appendix by Georg Hein. Adv.
Math. 219 (2008), no. 2, 401427
[2] Butler, D. C. Normal generation of vector bundles over a curve, J. Differential Geom. 39,
no. 1,(1994), 1–34.
[3] D. C. Butler, Birational maps of moduli of Brill-Noether pairs, arXiv:alg-geom/9705009.
[4] Caucci, F. and Lahoz, M.Stability of syzygy bundles on an abelian variety,
arXiv:2007.08846v1.
[5] Bhosle, U. N., Brambila-Paz, L. and Newstead, P. E. On linear series and a conjecture of
D. C. Butler. Internat. J. Math. 26 (2015), no. 2, 1550007, 18 pp.
[6] Camere, C. About the stability of the tangent bundle restricted to a curve. C. R. Math.
Acad. Sci. Paris 346 (2008), no. 7-8, 421–426.
[7] Camere, C. About the stability of the tangent bundle of Pn restricted to a surface. Math.
Z. 271 (2012), no. 1-2, 499–507.
[8] Coand, I. On the stability of syzygy bundles. Internat. J. Math. 22 (2011), no. 4, 515–534.
[9] Ein, L. and Lazarsfeld, R. Stability and restrictions of Picard bundles, with an applica-
tion to the normal bundles of elliptic curves, In: Ellingsrud, G., Peskine, C., Sacchiero,
G., Stromme, S.A. (eds.) Complex Projective Geometry (Trieste 1989/Bergen 1989). LMS
Lecture Note Series, vol. 179, pp. 149–156. CUP, Cambridge (1992).
[10] Ein, L., Lazarsfeld, R. and Mustopa, Y. Stability of syzygy bundles on an algebraic surface.
Math. Res. Lett. 20 (2013), no. 1, 7380.
[11] Flenner, H. Restrictions of semistable bundles on projective varieties. Comment. Math.
Helv. 59 (1984), no. 4, 635–650.
[12] Macias Marques, P. and Mir-Roig, R. M.; Stability of syzygy bundles. Proc. Amer. Math.
Soc. 139 (2011), no. 9, 3155–3170.
[13] Mistretta, E. and Stoppino, L.: Linear series on curves: stability and Clifford index. Inter-
nat. J. Math. 23, no. 12 (2012).
[14] Paranjape, K. and Ramanan, S. On the canonical ring of a curve, In: Algebraic geometry
and Commutative Algebra, in Honor of Masayoshi Nagata, vol. 2, Kinokuniya (1987), 503–
516.
[15] Schneider, O. Stabilite´ des fibre´s ∧pEL et condition de Raynaud, Fac. Sci. Toulouse Math.
(6) 14(3), (2005), 515-525.
H-STABILITY OF SYZYGY BUNDLES ON SURFACES 9
CONACyT - U. A. Matema´ticas, U. Auto´noma de Zacatecas
Calzada Solidaridad entronque Paseo a la Bufa,
C.P. 98000, Zacatecas, Zac. Me´xico.
E-mail address: hugo@cimat.mx
U. A. Matema´ticas, U. Auto´noma de Zacatecas
Calzada Solidaridad entronque Paseo a la Bufa,
C.P. 98000, Zacatecas, Zac. Me´xico.
E-mail address: alexiszamora06@gmail.com
